INTRODUCTION
The parabolic partial differential equation 
Ž .
n Ž 2 2 . Ž . where ⌬ s Ý Ѩ rѨ x is the Laplacian operator, n G 3, p ) nr n y 2 ,
and f is a continuous function, and its corresponding elliptic equation
appeared in recent years in the study of limit theorems for super-Brownian w x motion 8, 2 . In such contexts, the exponent p lies in the range 1 -p F 2. The intent of this paper is to establish existence results for these equations with explicit conditions on the nonhomogeneous terms. This paper is the w x continuation of an earlier one by this author 1 . The existence results w x w x given in this work and in 1 extend those of 8, 2, 6 in that the nonhomogeneous term needs to satisfy much weaker conditions. The w x reader is referred to the introduction of 1 for a brief survey of results known for the elliptic equation.
The main difficulty arising with differential equations defined on the whole of ‫ޒ‬ n is the lack of compactness of functional spaces there defined. Variational methods to establish existence are therefore very difficult to implement. The existence theorems presented here follow from the Schauder᎐Tychonoff theorem applied respectively to the Newtonian potential and the parabolic volume potential. They follow from the observation that these potentials when restricted to appropriate function spaces n n w . are equicontinuous on convex bounded sets of ‫ޒ‬ and ‫ޒ‬ = 0, ϱ , respectively. This paper is divided into two parts. The first part deals with the elliptic equation presented above. An existence theorem is first presented followed by a proposition demonstrating a monotone property among solutions of elliptic differential equations of this structure. The second part treats the parabolic equation. Two theorems are demonstrated. Both are existence theorems but the second one has the added property that its solution converges to that of the corresponding elliptic equation as t ª ϱ.
ELLIPTIC EQUATION w x
The following theorem is a generalization of Theorem 9 given in 1 . It Ž . allows for nonhomogeneous terms f x which are not necessarily positive and which have slower decay at infinity. Also, its proof differs from that in w x 1 in that it does not use the Contraction Mapping Theorem but the Schauder᎐Tychonoff theorem.
Ž . THEOREM 1. Let n g ‫ގ‬ with n G 3, p ) nr n y 2 , and ␦ ) 0 be a Ž . Ž . positi¨e number satisfying n y 2 y nrp -␦ F n y 2 p y n. Assume the Ž . following conditions on the nonhomogeneous term f x 
Ž .
Furthermore, this solution satisfies the inequality
Remarks. The constant can be evaluated exactly. It is the minimum 0 Ž . Ž . Ž . of the right hand sides of inequalities 1 , 2 , and 3 given further in this < Ž .< Ž < <. Ž2q␦.rŽ py1. paper. Nonhomogeneous terms of the form f x F ⑀r 1 q x Ž . where ⑀ ) 0 is sufficiently small will satisfy condition 3 above. This condition is much weaker than the ones required in the theorems of w x Ž . 1 . There the nonhomogeneous term needs to satisfy 0
where c is sufficiently small.
Ž n . Proof. Let C ‫ޒ‬ denote the set of bounded continuous functions on B n 5 5 Ž .
n ‫ޒ‬ endowed with the standard sup-norm, i.e.,¨s sup¨x .
We need to consider two cases: when x G and when x -.
where
We need to consider each operator ⌽ separately. For ⌽ , we have that
For the second operator ⌽ , we have that for all u g V
1 < < where the third inequality uses x G . For the third operator ⌽ , we have 3 4 that for all u g V
n y 2 2 < < Ž .
1 < < where the second inequality uses x G . 4 Choose ) 0 to be sufficiently small such that the sum of the constants in the above estimates for the operators ⌽ , ⌽ , and ⌽ satisfy the 
This is equivalent to
Ž . Using the hypothesis on the Newton potential N x , we obtain that 1
The first operator ⌽ is the same as that of Case 1. The estimate for ⌽ 1 1
< < obtained there did not use the condition on the size of x . Hence, it is still valid for this case. For the operator ⌽ , we shall need the following
Ž .
this is equivalent to
We have that for all u g V < <
where the last inequality holds by the above condition on .
For the operator ⌽ , we have that for all u g V
1 < < < < < < where the second inequality holds since y r2 F x y y when x -and 4 1 < < < < < < the last inequality holds since 1 q x F 2 y x when x -. 4 
Choose ) 0 to be sufficiently small so that it satisfies inequality 2 and so that the sum of the constants in the estimates for ⌽ , ⌽ , and ⌽ 
Ž . Hence, with 0 -F we obtain that ⌽ V ; V proving the claim. Proof. Let u,¨g V . Therefore
By the Mean Value Theorem, this implies that
Ž . STEP 3. ⌽ V is an equicontinuous family of functions when restricted to closed balls of ‫ޒ‬
n centered at the origin.
Proof. The proof can be shown by expressing the partial derivatives of the functions ⌽ u in terms of potentials, and then bounding them on V .
But a direct proof is also possible and is given below.
Ž . Let B 0 denote the ball of radius R centered at the origin. Since
is an equicontinuous family of functions when restricted to B 0 .
We need now to find bounds for each integral in this last inequality.
Ž . To find a bound for the last integral in 4 , we use the following inequality obtained by the Mean Value Theorem,
n y 2 n y 2 n y 1
Ž . where x s x q x y x for some 0 --1, where s x , x , y . But for all y g ‫ޒ‬ _ B , the following inequality holds:
But the integral in this last inequality can be bounded by a constant Ž .
Adding all these bounds together, we obtain that
Ä 4 Proof. The proof follows the standard diagonal argument. Let u be a We now complete the proof of the theorem. Let 0 -F . By the previous steps, the map ⌽: V ª V defined by
is a well defined continuous operator. Since V is a closed convex subset of Ž n . Ž . C ‫ޒ‬ and ⌽ V is precompact, it follows by the Schauder᎐Tychonoff B theorem that ⌽ must have a fixed point; that is,
Since f is locally Holder continuous in ‫ޒ‬ n , the classical theory of thë Ž w x. 2 Ž n . Newtonian potential refer to Chapter 4 of 4 ensures that u g C ‫ޒ‬ and satisfies the equation
The next proposition demonstrates that all small solutions of elliptic equations of this form are ordered with respect to the nonhomogeneous term.
Ž . PROPOSITION 1. Let n g ‫ގ‬ with n G 3, p ) nr n y 2 , and ␦ ) 0. Let
Let u , u g S be solutions of respecti¨ely
In particular, there does not exist a positi¨e solution u g S to the partial
for any f this elliptic equation has at most one solution in S.
Proof. Let u , u , f , and f be as stated above. Then
easily obtain the inequality
Ž .
Consider the linear differential equation 
Ž
< < . It suffices to choose¨s 0 as a subsolution and¨s r 1 q x for ) 0 sufficiently large as a supersolution. It can be shown as in w x Theorem 2 of 1 that this solution must satisfy the integral equation
Ž . Ž . 2rŽ py1.
< < x
Since h G 0, this solution¨must satisfy the differential inequality
Ž . Ž . Ž . Consider the function u x s w x r¨x . Then, by the generalized maxi-Ž w x. mum principle refer to Theorem 10, Chapter 2, of 7 , we obtain that max u x -max u x .
Ž .
Ž2q␦.rŽ py1.
< < x
and C x G at ϱ.
Ž . 2rŽ py1.
Hence,
PARABOLIC EQUATION
A similar technique is now applied to the parabolic volume potential. The image of an appropriate function set through this potential will yield an equicontinuous family of functions on convex bounded subsets of 
Ž . 1 f s f x, t is locally Holder continuous in x uniformly in t,
Ž . where 0 -F n, p, ␦ with as defined in Theorem 1. 
Ž . Then, there exists a solution u s u x, t to the equation
< Ž .< Furthermore, this solution satisfies the inequality u x, t F Ž < <. Ž2q␦.rŽ py1. r 1 q x . < Ž .< Remarks. As in Theorem 1, nonhomogeneous terms of the form f x Ž < <. Ž2q␦.rŽ py1. F ⑀r 1 q x where ⑀ ) 0 is sufficiently small will satisfy condi-Ž . tion 3 . The case of a small nonzero initial value could also be treated by w x methods analogous to those of 9 , i.e., by adding another integral term to the mapping ⌿ given in the proof below. 
Proof. It is clear that
Ž . due to the hypotheses on f x, t . Ž . Ž < <. Ž .
is an equicontinuous family of functions when restricted , T Ž . w x to sets of the form B 0 = 0, T where R ) 0 and T ) 0.
and the right hand function is clearly locally Holder continuous, uniformly in t, it follows that the w x two integrals below are well defined. As shown in Chapter 1 of 3 , they are the respective continuous partial derivatives of the parabolic volume potential ⌿u, i.e.,
Ѩ ⌿u
x, t
Ž .
Ѩx i
x yy e y<xyy< 2 r4Žtys.
Ž . Ž . Thus, these integrals can be bounded independently of u x, t as now is easily demonstrated using the Mean Value Theorem.
We now complete the proof of the theorem. By Step 1, the map ⌿: W ª W is well defined when 0 -F . It is easy to show that it , T , T 0 Ž . is continuous refer to Step 2 of the next theorem for similar arguments . By Step 2, it now straightforward to show, using a diagonal argument as is now easily shown to be the sought after solution. Let t ) 0. Then, for all k G t we have
Letting k ª ϱ, we obtain by the Dominated Convergence Theorem that
2, 1 Ž n w . . Hence, again by parabolic potential theory, u g C ‫ޒ‬ = 0, ϱ and satisfies the equation
The last theorem presented is related to the limit theorems demonstrated w x in 8 . It shows the existence of a solution to the parabolic equation which converges as t ª ϱ to a solution of its corresponding elliptic equation. Ž . THEOREM 3. Let n g ‫ގ‬ with n G 3, p ) nr n y 2 , and let ␦ ) 0 be a Ž . Ž . positi¨e number satisfying n y 2 y nrp -␦ F n y 2 p y n. Assume the Ž . following conditions on the nonhomogeneous term f x, t , Ž .
Ž . 1 f s f x, t is locally holder continuous in x uniformly in t, Ž . Since f x, t is locally Holder continuous uniformly in t, it follows Ž w x. from parabolic potential theory refer to Chapter 1 of 3 that u g 2, 1 Ž n w .. C ‫ޒ‬ = 0, ϱ and satisfies the parabolic equation Ž .
CONCLUSION
The existence theorems from this work can be extended to partial differential equations of the form ⌬ u q f x, u s 0 in‫ޒ‬ n ,
Ž .
Ž . where the nonlinear trem f x, u would satisfy certain conditions of the < Ž .< < Ž .< p Ž . form f x, u F C u x q C h x and to their parabolic counterparts. 1 2 Other natural extensions are to equations of the form Ѩ u p < < y qLu q u q f x, t s 0,
Ѩt where L is a second order uniformly elliptic operator. Still other generalizations of these results would be to consider an initial value to the w x parabolic equation as in the work of 9 , but with a possibility of the addition of a nonhomogeneous term.
